Contents

Preface

1

Oscillation theory for second-order linear difference equations

Lk
1:2.
1.3.
1.4.

1.5

1.6
1.7.

1.8.
1:9.

1.10.
1.11;
112
1513,
1.14.

LI5:

1.16.

181742
1181
1:19,

Introduction

Basic concepts

Riccati-type transformations

Reid’s roundabout theorem and Sturmian theory

1.4.1. The disconjugacy characterization theorem

1.4.2. Sturmian theory

Disconjugacy and disfocality

1.5.1.  Dominant and recessive solutions

1.5.2.  More on disconjugacy characterization

1.5.3. Disfocality

Conjugacy criteria

Methods of linear discrete oscillation theory

1.7.1.  Riccati technique

1.7.2.  Variational principle

Oscillation and nonoscillation criteria

Comparison theorems
Oscillation, nonoscillation, and monotone solutions
Oscillation criteria by Riccati technique
Oscillation criteria by averaging techniques
Further criteria by averaging techniques

Oscillation criteria for linear damped difference equations

1.14.1.  Oscillation of a reducible damped equation
1.14.2.  Oscillation criteria of summation averaging type
1.14.3.  Oscillation criteria of nonsummation type

Oscillation and nonoscillation criteria for forced equations

1.15.1.  Implicit-type results
1.15.2. Some explicit criteria
Some qualitative properties of solutions

1.16.1. Some properties of dominant and recessive solutions

1.16.2. Reciprocity principle

1.16.3. Behavioral properties of dominant and recessive solutions

1.16.4. Further classification of solutions
1.16.5. Comparison theorems

More on nonoscillation criteria

Limit point results

Growth and some oscillation criteria

Xi

11
15
15
16
17
23
26
31
33
40
40
40
41
69
7l
75
87
102
117
118
121
127
131
135
137
141
141
148
148
156
161
163
168
173



vi

1.20.
1.21,

1.19.1.  Growth of solutions

1.19.2.  Oscillation criteria
Mixed difference equations
Notes and general discussions

2. Oscillation theory for systems
of difference equations

2415
2:2;

2.3.

2.4.

2.5.

2.6.

2.7

2.8.
2.9,

Introduction

Discrete variational problems

2.2.1. Problem and notation

2.2.2. Inhomogeneous discrete quadratic functionals
2.2.3.  Solution of discrete variational problems
Linear Hamiltonian difference systems

2.3.1. Notation and assumptions

2.3.2.  Special solutions of the Hamiltonian system
2.3.3. Riccati matrix difference equations

The discrete Picone formula

2.4.1. Discrete quadratic functionals

2.4.2. The proof of the discrete Picone identity
Disconjugacy and controllability

2.5.1. Focal points

2.5.2. Generalized zeros

2.5.3. Controllability

Positivity of discrete quadratic functionals

2.6.1. The Reid roundabout theorem

2.6.2. Sturm’s separation and comparison theorems
2.6.3. The extended Reid roundabout theorem
2.6.4. Separated boundary conditions

2.6.5. Solvability of discrete Riccati equations
Sturm-Liouville difference equations

2.7.1. Disconjugacy

2.7.2.  The Reid roundabout theorem
Moore-Penrose inverses

Notes and general discussions

3. Oscillation theory for half-linear
difference equations

3.1.
32,
33

3.4.

Introduction

Preliminaries and basic concepts

Reid’s roundabout theorem and Sturmian theory
3.3.1. The disconjugacy characterization theorem
3.3.2. Sturmian theory

Nonoscillation and conjugacy criteria

Contents

173
175
176
180

183
183
185
185
186
189
191
191
194
198
203
203
207
212
212
215
220
226
226
227
231
235
239
244
244
252
257
263

265
265
266
273
273
282
283

3.4.1. Nonoscillation theorems based on the Riccati technique 283
3.4.2. Nonoscillation theorems based on the variational principle 294

3.4.3. Conjugacy criteria

299



Contents

3:9;

3.6.

3.7.

3.8.

3:9.
3.10.
3.11-

Oscillation criteria
3.5.1. Oscillation criteria based on the Riccati technique
3.5.2. Further oscillation criteria based on the Riccati technique
3.5.3. Oscillation criteria based on the variational principle
Comparison theorems
3.6.1. Some results from algebra
3.6.2. Some comparison theorems
3.6.3. Comparison theorem for generalized Riccati difference
equations
More on oscillation, nonoscillation, and positive solutions
3.7.1. Preparatory lemmas
3.7.2. Sufficient conditions
3.7.3.  Necessary conditions
Strong oscillation
3.8.1. Strong oscillation, nonoscillation, and conditional
oscillation
3.8.2. Generalized Euler difference equation
Half-linear difference equations with damping term
Half-linear difference equations with forcing term
Notes and general discussions

4. Oscillation theory for nonlinear
difference equations I

4.1.
4.2.
4.3.
4.4.
4.5.
4.6.
4.7.
4.8.

Oscillation criteria

Superlinear oscillation

Sublinear oscillation

Oscillation characterizations

Oscillation of damped nonlinear difference equations
Asymptotic behavior for nonlinear difference equations
Oscillation criteria via Liapunov’s second method
Notes and general discussions

5. Oscillation theory for nonlinear
difference equations II

514

5.2,

5.3,

Oscillation criteria

5.1.1.  Oscillation criteria—(I;)

5.1.2. Superlinear oscillation

5.1.3.  Sublinear oscillation

5.1.4. Oscillation criteria—(1I,)

5.1.5. Oscillation criteria for damped equations
Monotone solutions of nonlinear difference equations
5.2.1. Existence of positive monotone solutions of (5.2.2)
5.2.2. Existence of monotone solutions of (5.2.1)
Bounded, unbounded, and monotone properties
5.3.1. Positive decreasing solutions

5.3.2. Positive increasing solutions

vii

304
304
319
336
342
342
343

347
347
348
350
353
361

361
364
365
372
375

377
377
391
399
412
426
435
443
451

453
453
454
463
474
479
486
488
488
491
492
492
503



viii

5.4.

Contents

Notes and general discussions

Oscillation theory for difference equations with deviating arguments

6.1.

6:2.

6:3.

6.4.

6.5.
6.6.

Oscillation criteria (I)

6.1.1. Oscillation of equation (6.1.1)

6.1.2. Comparison theorems

6.1.3. Oscillation of equation (6.1.2)

Oscillation criteria (II)

6.2.1. Oscillation of equation (6.2.1)

6.2.2. Oscillation of equation (6.2.2)

6.2.3. Asymptotic behavior

6.2.4. Decaying nonoscillatory solutions of equation (6.2.130)
Oscillation via characteristic equations

6.3.1. Positive solutions of equation (6.3.1)

6.3.2. Oscillation of unbounded solutions of equation (6.3.2)
Oscillation of damped difference equations

6.4.1. Almost oscillation

Oscillation of forced difference equations

Notes and general discussions

Oscillation theory for neutral
difference equations

Tl

7.2.
7.3.
7.4.

4D
7.6.

Tie

Stability and oscillation theory for differential equations with piecewise

Oscillation criteria via comparison

7.1.1. Linearization theorems

7.1.2.  Comparison results for forced neutral equations
Nonoscillation criteria

Existence of nonoscillatory solutions

Classification of nonoscillatory solutions

7.4.1. Nonoscillatory solutions of equation (7.4.1%)
7.4.2. Nonoscillatory solutions of equation (7.4.17)
7.4.3. Oscillation and asymptotic behavior

Further oscillation criteria

Oscillation criteria for mixed neutral difference equations
7.6.1. Oscillation of equations with constant coefficients
7.6.2. Oscillation of equations with periodic coefficients
7.6.3. Oscillation via characteristic equations

Notes and general discussions

constant arguments

8.1.

8.2.

Oscillation of linear first-order delay equations
8.1.1. Oscillation criteria

8.1.2. First-order equations of alternately retarded and advanced

type
8.1.3. Characteristic equations
Oscillation of linear second-order delay equations

514

515
516
516
541
545
553
554
565
572
577
584
585
589
594
600
615
624

627
627
635
643
648
656
667
668
674
678
680
692
693
707
717
726

727
727
728

743
748
751



Contents

8.2.1.
8.2.2.
8.2.3.
8.2.4.

8i2.5.

Existence of solutions

The case w = 0

The case w # 0

Second-order equations of alternately retarded and
advanced type

Neutral differential equations with piecewise constant
argument

8.3. Systems of alternately retarded and advanced type

8.3.1.
8.3.2.

The case A =0
The case A nonsingular

8.4. Applications
8.5. Notes and general discussions

9. Miscellaneous topics
9.1. Generalized characteristic equations
9.2. Difference equations with periodic coefficients

9.2 1k
9.2.2,

9:2:3
9.2.4.

Oscillation of equation (9.2.1)

Delay difference equations with positive and negative
coefficients

Oscillation of equation (9.2.3)

Oscillation of equation (9.2.4)

9.3. Linearized oscillations for difference equations

9.3.1.
9.3:2.

Linearized oscillations for equation (9.3.1)
Linearized oscillations for equation (9.3.2)

9.4. Oscillation of recursive sequences

9.4.1.
9.4.2.
9.4.3.
9.4.4.

Oscillation of x(k + 1) = ax(k)/[1 + bx(k — 1)]
Oscillation of x(k + 1) = [a + bx(k)]/[c + x(k — T)]
Oscillation of the discrete delay logistic equation
Oscillation of certain recursive sequences

9.5.  Global behavior of certain difference equations

9.5:1.

9.52.

9.9.3.
9.5.4.
9.5:5!
9.5.6.
919:7.

9.5.8.

Global attractivity in a nonlinear second-order difference
equation

Global asymptotic stability of a second-order difference
equation

A rational recursive sequence

On the recursive sequence x(k + 1) = a + (x(k — 1)/x(k))

Global stability of a certain recursive sequence

Global attractivity in a nonlinear delay difference equation

On the recursive sequence x(k + 1) = ax(k) + (b + cx(k —
1)) e x(k)

Global attractivity in a differential equation with piecewise
constant arguments

9.6. Nonlinear difference equations with continuous variable
9.7. Oscillation for systems of delay difference equations
9.8. Oscillatory behavior of solutions of functional equations

752
756
760

766

770
776
T
781
784
787

791
791
804
805

820
825
832
840
840
843
849
850
854
863
865
871

874

880
883
889
894
899

905

914
918
928
935



X Contents
9.9. Notes and general discussions 942
Bibliography 947

Index 959



