Contents

IR OOICE O rovin o 2tcciters o Tl T A v eI SR SRR SRS B A i St
L MEASUTeS v srmmes s o i S ven £ Lo T S50 § e
.l  Algebras:and Sigma=AlZEDIaAS : :.ouuums s sanmmns s asmines ¢ wowpsms s s
20 INIE ST S rrmasmansssan e Rttt o T i S (e s g
080 (OuterRMEASUTES e st b s BT oo SO & ST 4 5 S
led!  Lebespue NMeasure: qomen s samms bosliiin s iuiitensnibine s Faitte s faiine
1:5 iCompleteness and Regulatity . :« s sseumssvssamns s sommsns s simens
L6  Dynkin CIASSES ... ..cwwion o oot s s o « sumsisssis o sssinns o oisormisions » sssezsess
2 FunctionsandIntegrals.............................. i
2.1 Measurable FUNCHONS s « sommos s ssmmn s swsisnn s s 96ss 3 vones
2.2 Properties That Hold Almost Everywhere ..........................
522 (O 1 T 11T | - AT Fan
2:4  LimitTHEOTeHIS. s« s oumes & s vass vo s & s § dopntn § 5 soipes & 5w
2:5 'The Riemantl INtESEAL uru: ; s s s s « ssssm s s » & 5eioses » Spsis
2.6 Measurable Functions Again, Complex-Valued
Functions, and Image Measures .............ccovvueiiiineeieeeee...
CONVETTRICE oioivion + oo s s s & sisisiss § SRS § Smionk s Sy s 5 ASuions & § s
30l Modes O CONVEIZENEE i : s suwisns s samsn s st s 55005 5 5 Hemas ¥ s
82  INOIMED S PACEShisirie o 1uectsbtiirmsiohdhs s FARHE ¢ cicprarss AT & Skl « SR
313 Definition of L2 an@ il i soumssmmiis s st s s St i
3.4 Propefties 0f L2 a0d IF ;: covons s tmons ssvninns vosmiss s saimms s vuEaes
355 DUAl'SDACES: s nasamas ssbmum s a3 § SRS seEEA S SO S
4  Signed and Complex Measures ...................coooeiiiiiiiiiiiiin...
4.1  Signed and Complex Measures .............ovvvuiieeeeinnneeennnnns
4.2 AbsOluteiCONINUIRY r.cuvmm = samonsns vawmin s o o | B s s
A3 SIOGUIALIHY: - ; viviuimisoisissivtnsess . soisswssinrs scstsaiasans » sisposisie sissaiaistsss - sissmssnin s wiserainte
4.4  Functions of Finite Variation ...............ccooiiiiiiiiiiiieeannan.
4.5 TheDualsof the IP Spaces .........ccoevviiuieiiiiinnieniiieannnnn.

37

105

113

Xi



xii

10

Contents
PFOAUCE MEASTTES < o s s s poasmmns s s 5oy s Smass s 4 Q683 § 56 143
Dl (CONStUCHONS eamss st srnrrsmmnt: Sarn s e AT T HEES S 143
52 Babini’s THEOTEM . it i ot immseisiehs s sescinitie Shuisissesle Teisssiosmsh 147
8.  ADPHCAIONS Izttt tniiih S i S AR TS PTERAS 150
U1K L1 1) L —— 155
6.1 Change of Variable in R? .............ccvvvininiininiiniinennennnn. 155
6.2  Differentiation of Measures..............c.ovvuiiiiieiniiiineannnnnn. 164
6.3  Differentiation of Functions ...................cooviiiiiiiiiiii., 170
Measures on Locally Compact Spaces ..........................ooooa 181
7.1  LocallyCompact SPACES . . .couuw ¢ sumuwne samnioimis mmminiais o ssassinis o sisusnini s 182
7.2 The Riesz Representation Theorem ...................cooeiiiinn.. 189
7.3 Signed and Complex Measures; DUAlity . ousea cvomnion s wvsions srmrass 199
7.4  Additional Properties of Regular Measures ......................... 206
7.5  The p*-Measurable Sets and the Dual of L' ........................ 212
7.6  Products of Locally Compact Spaces .............c...cooevviiniinn.. 218
77 TheDaniell-Stone INETral .. ; s soswws ¢ ssumoms somepss « quwsms sswemss 226
Polish Spaces and Analytic Sets......................cooiiiiiiii. 239
8.1  Polish Spaces .........oooiiiiiiiiiii 239
8.2 ANalytic SetS......couuiiiiiiii 248
8.3  The Separation Theorem and Its Consequences .................... 257
8.4  The Measurability of Analytic Sets ............ccccevviiiiiinnann... 262
Bl CIOSSIS COTIONS ccrnis 5 Setiiono o issieint o STossioidhs b TGS ST S el 267
8.6  Standard, Analytic, Lusin, and Souslin Spaces ..................... 270
HAAT MEASTITE oo s comms somminss aossm s s SSess s S66H5 3 mHaws s SHumss 279
9.1  Topological GTOUDPS mussssmmnss simnsans et m s e S 279
9.2  The Existence and Uniqueness of Haar Measure ................... 285
9.3  Properties of Haar Measure..................ccooviiiiiinnnnnnnn.... 293
9.4 The Algebras L' (G) and M(G) ..........ccoviiiiiiiiiiiain 298
PR DI Y crrerr s £ e o 2 T e o T s T e R T e 307
HONE  IBASICS) ittoenttn Siiurissteds ¥ el il 3 ovsalidlina iS5 s Y PO N O O 307
10:2. Laws of Latge NUMbEIS v s aovisrs e s s s s s i 319
10.3 Convergence in Distribution and the Central Limit Theorem ...... 327
10.4 Conditional Distributions and Martingales.......................... 340
10.5 Brownian MOtON.....oouuiiiiet it 356
10:6: Construction of Probability MEaSUFES s suwmses s smwms swssuni s panans 364
Notationand Set Theory .........................ooiiiiiiiiiiiii 373
Algebra and Basic Facts About Rand C................................. 379

Calculus and Topology in RY .........................cccciiiiiiiiiiiii. 385



Contents Xiii

D Topological Spaces and Metric Spaces ......................cooiiinnnn. 389
B 'The Bochner INtESTAL : ; .ouus o susmnes s s gmonis b oaunes § Sanbi bhinuiet s sovme 397
B NS, et st s st s e SRR TS TN N 405
G The Banach-Tarski Paradox ............................oiiiiiinn, 417
H The Henstock—Kurzweil and McShane Integrals ....................... 429
RETETCINCRS s s smsivers 3 sraporsmiss 3 hinvishis § Fommmmis & Sormyets & 3 s s vt d ¥ o | s 439
I eX OF NOCATNON. icuisiis ¢ siciswivisrs soimsime 5o 5 st & 5 QoS § e s S 5 S 445



