Contents

Preface

1 Introduction

1.1 The Model . . .. .. ... ... ... ... ........
1.1.1 Vortices . . . . . . . ... ...
1.1.2  Critical Fields . . . . . ... ... ... ... ....
1.2 Questions Addressed in this Book . . . . . . ... ... ..
1.3 Ginzburg-Landau with and without
Magnetic Field: A Comparison . . . ... ... ... ...
1.4 Plan of the Book . . . . . .. .. ... ... ... .....
1.4.1 Essential Tools . . . . . . ... ... ... .....
1.4.2  Minimization Results. . . . . . . .. ... .. ...
1.4.3 Branches of Local Minimizers . . . . . .. ... ..
1.4.4 Results on Critical Points . . . . ... .......

Physical Presentation of the Model — Critical Fields

2.1 The Ginzburg-Landau Model . . . . . .. ... ... ...
2.1.1 Nondimensionalizing . . . . . ... .. ... .. ..
2.1.2 Dimension Reduction . . ... ...........
2.1.3  Gauge Invariance . . . . . .. ... ... ...
2.2 Netaliol o » « 56 v s 6 o5 6 6 6658 @SB @ % E 666 5
2.3 Constant States in R? . . . . .. .. ... . ........
24 PeriodicSolUtIONS « + + 5 v v 6 + w 6 6 5 5 5 6 59 5 5 & 5
2.5 Vortex'Solutions . » « « « & o w v wn mw s m e hm s e
2.5.1 Approximate Vortex . . . . .. .. ... ... ...
2.5.2  The Energy of the Approximate Vortex . . .. ..
2.5.3 The Critical Line H,; . ... ............
2.6 Phase Diagram . . . . . . ... . ... ... ... .. ...

2.6.1 Bounded Domains . . . . . . . .. ... ... ...

xi



vi Contents

3 First Properties of Solutions to the Ginzburg-Landau

Equations 39
3.1 Minimizing the Ginzburg Landau Energy . . . .. .. .. 39
3.1.1 Coulomb Gauge . . ... ... ... ........ 40
3.1.2 Restriction to Q@ . . . ... ... 41
3.1.3 Minimizationof GL . . . . .. . .« oo 0 v 42
3.2 Euler-Lagrange Equations . . . . ... ... ........ 43
3.3 Properties of Critical Points . . . . . . ... ........ 46
3.4 SolutionsinthePlane . .. ... .. ............ 50
3.4.1 Degree Theory ... ... ............ .50
3.4.2 The Radial Degree-One Solution . . . . .. .. .. 52
3.4.3 Solutions of Higher Degree . . . . . ... ... .. 53
35 Blow=uplimits « s « » w5 o6 5% 5 e 5 8« wm o» @ 8 6w o4
4 The Vortex-Balls Construction 59
4.1 MainREsSUlt : o « 2w 208 3 55 5.8 3 56 5.8 8 56 5 @ & 0@ 60
4.2 Ball GTowth . « « o« o0 s @ ¢ 6w o 5 s 58 3@ a6 B 5 b 61
4.3  Lower Bounds for S'-valued Maps . . . .. ... ... .. 65
4.4 Reduction to S'-valued Maps . . . .. .. ... ...... 71
4.4.1 Radius of a Compact Set. . . . . . ... ... ... 71
4.4.2 Lower Bound on Initial Balls . . . . . .. ... .. 72
4.4.3 Proof of Theorem 4.1 . . . . . . ... ... .... 73
4.5 Proof of Proposition 4.7 . . . . . ... ... ... ... .. 76
450 Initial et o ¢ o ¢ ¢ 6 s am ¢ v mm @ s b0 mE 76
4.5.2  Construction of the Appropriate Initial Collection 78

5 Coupling the Ball Construction to the Pohozaev Identity
and Applications 83
5.1 The Case of Ginzburg Landau without Magnetic Field . . 83
5.2  The Case of Ginzburg Landau with Magnetic Field . . . . 96
58 ApPPLGAIONS . « : o : v ¢ 5 s @5 s @ ¢« wm ¢ @ s wm s 8w s 102
6 Jacobian Estimate 117
6.1 Preliminaries . . . . ... .. ... ... ... 118
6.2 Proof of Theorem 6.1 . . . . . ... ... .. ........ 120
6.8 ACOEONATY « v « o« 5w s 68 s mw s @5 @ B3 AT 5@ 123



Contents

7

10

11

The Obstacle Problem

Tl T-COnvVergence = s« 5 s s & ¢ 39 36 0 8 5 % @ & &
T2 Descriptioniolyly « « o5 56 26 2 5@ s &8 256 65 3 &
7.3 UpperBound : . : o « s 6 s 56 s ms 0a 5 55 58 5 %=
7.3.1 The Space H' and the Green Potential . . . .
7.3.2  The Energy-Splitting Lemma . . . . . . .. ..
7.3.3 Configurations with Prescribed Vortices . . . .
7.3.4  Choice of the Vortex Configuration . . . . . . .
7.4 Proof of Theorems 7.1 and 7.2 . . . . ... ... ...
7.4.1 Proof of Theorem 7.1, Item 1) . . . .. .. ..
7.4.2  Proof of Theorem 7.2 . . . .. ... ... ...

Higher Values of the Applied Field

2.0, UpperBounid = : - 5 ¢ 6 5 600 8 58 5 s @ % 56 % @ a4 s
8.2 Lower Bound . . .. ... ................

The Intermediate Regime

Ol MamiResult « : c 6 s vis s s s s s AR EY 8068 6
9.1.1 Motivation . . . ... . .. ... ...

9.1.2 TI'-Convergence in the Intermediate Regime

9.2  Upper Bound: Proof of Proposition 9.1 . . . . . . . ..
9.3 Proof of Theorem 9.1. . ... .. .. ... .......
9.3.1 Energy-Splitting Lower Bound . . . . . .. ..
9.3.2  Lower Bound on the Annulus . . . . .. .. ..
9.3.3 Compactness and Lower Bounds Results . . . .
9.3.4  Completing the Proof of Theorem 9.1 . . . . .
9.4 Minimization with Respect ton . . . . . . . . ... ..

The Case of a Bounded Number of Vortices

10.1 Upper Bound . . . . . .. .. ... o L.
10.2 Lower Bound . . . . . ... ... ... ..

Branches of Solutions

11.1 The Renormalized Energy w,, . . . .. ... ... ...
11.2 Branches of Solutions . . . . .. ... ... ......

114 The Case N=0 . ... ... ... .. ... ......
11.5 Upper Bound for infy, G- . . . . ... 00000
11.6 Minimizing Sequences Stay Away from Uy . . . . . .

vii

127
128
130
134
135
136
137
142
150
150
152

155
157
160

165
165
166

. 168

172
175
177
181
187
200
201

207
207
213



viil Contents

11.7 infy, G 8 Achieved . o - ¢ « ¢ oo ¢ m s 0w 6 ww v m« 5w 235
11.8 Proof of Theorem 11.1 . . . . . . . ... ... ... .... 236
12 Back to Global Minimization 243
12.1 Global Minimizers Closeto He; « « + « « o o v ww s w v v s 243
12.2 Possible Generalization: The Case where A is not Reduced
toaPoifif o « « « vws v s s s mecms Bms @ pm i owG 248
13 Asymptotics for Solutions 253
13.1 Results and Examples . . . . .. ... .. ... .. .... 255
13.1.1 The Divergence-Free Condition . . . . . . ... .. 256
13.1.2 Result in the Case with Magnetic Field . . . . .. 259
13.1.3 The Case without Magnetic Field . . . . . . . . .. 265
13.2 Prelimfinary Results' . o« - & : sw s e ¢ vm 5 5 5 s ¢ 50 269
13.3 Proof of Theorem 13.1, Criticality Conditions . . . . . . . 275
13.4 Proof of Theorem 13.1, Regularity Issues . . . . . . . . .. 278
13.5 The Case without Magnetic Field . . . . . .. . ... ... 280
14 A Guide to the Literature 283
14.1 Ginzburg-Landau without Magnetic Field . . . . . . . .. 283
14.1.1 Static Dimension 2 Case in a Simply Connected
DOMAIN - s 0 + sw s 5 5 s 5 8 5 6% 5 8 ¢ 68 5 g6 283
14.1.2 Vortex Solutions in the Plane . . . . . . ... . .. 285
14.1.3 Other Boundary Conditions . . . . . .. . ... .. 285
14.1.4 Weighted Versions . . . . . ... ... ... .... 286
14.1.5 Construction of Solutions . . . .. . ... ... .. 286
14.1.6 Fine Behavior of the Solutions . . . . .. ... .. 286
14.1.7 Stability of the Solutions . . . . . ... ... ... 287
14.1.8 Jacobian Estimates . . . . . . . . ... .. ... .. 287
14189 Dynaiics « o : w5 5 9 5 6% s @ § 65 5 8 ¢ 0% § 58 287
14.2 Higher Dimensions . . . . . .. ... .. ... ... ... 288
14.2.1 I'-Convergence Approach . . . .. ... ... ... 288
14.2.2 Minimizers and Critical Points Approach . . . . . 289
14.2.3 Inverse Problems . . . . . . . .. ... ... .... 289
1424 DyHSMICS + & s s ¢ 6 ¢ wi ¢ o 5 w6 5 0 5 9@ & &6 290
14.3 Ginzburg-Landau with Magnetic Field . . . . . .. .. .. 290
14.3.1 Dependenceon £ . . . . . v v v v v v v e v e e 290
14.3.2 Vortex Solutions in the Plane . . . . . . .. .. .. 291



Contents

14.3.4 Dimension Reduction . . ... ... ... .....
14.3.5 Models with Pinning Terms . . . . . . ... .. ..
14.3.6 Higher Dimensions . . . . . . ... ... ... ...
14.3.7 Dymamies « « o < v a5 w s 8 55 66 538§ 86 5m
14.3.8 Mean-Field Models . . . . . .. ... ... .....
14.4 Ginzburg-Landau in Nonsimply Connected Domains . . .

15 Open Problems

Index

ix

295
295
295
296
296
296

299

321



