Contents

Foreword xiii
Preface XV
Acknowledgments xxi
List of Symbols xxiii
1 Introduction 1
1.1 Background 1
1.2 Notation and nomenclature 4
1.3 Definition of strains 7
1.3.1 Green-Lagrange strain tensor 8

1.3.2 Green strain increment tensor 10

1.3.3 Updated Green strain increment tensor 13

1.4 Definition of stresses 15
1.4.1 Second Piola-Kirchhoff stress tensor 15

1.4.2 Cauchy stress tensor 16

1.4.3 Updated Kirchhoff stress tensor 18

1.4.4 Transformation rules 19

1.5 Incremental constitutive laws 22



vi

Contents

1.6 Principle of virtual displacements 25
1.7 Incremental Lagrangian formulations 30
1.7.1 Total Lagrangian formulation 30
1.7.2  Updated Lagrangian formulation 35
References 39
Linear Analysis and Element Quality Test 41
2.1 Discretization of structures 41
2.2 Derivation of element stiffness matrices 43
2.2.1 Planar frame element 44
2.2.2 Space frame element 54
2.2.3 One-dimensional truss element 62
2.2.4 Planar and space truss elements 64

2.3 Formation of structure equations 66
2.4 Solution of simultaneous equations 73
2.5 Quality tests for linear elements 78
2.5.1 Convergence criteria 79
2.5.2 The patch test 80
2.5.3 Eigenvalue test 81

2.6 Rigid body test for nonlinear elements 83
2.6.1 Incremental stiffness equations 83
2.6.2 Rigid body rule for initially stressed elements 86
2.6.3 Rigid body test 87

2.7 Generalized eigenvalue test for nonlinear elements 91
References 94
Nonlinear Trusses and Incremental Constitutive Laws 96
3.1 Introduction 96
3.2 Formulation of nonlinear planar truss element 99
3.3 Physical interpretation of element matrices » 105
3.3.1 Member forces due to stretching 106
3.3.2 Member forces due to rigid body rotation 109

3.4 Higher order stiffness matrices in symmetric form 111
3.5 Generalization to three-dimensional case 113

3.6 Force recovery procedures based on matrix equations 118



Contents vii

3.7 Case studies by finite element approach 120
3.7.1 Two-member truss 120
3.7.2 24-member shallow dome 122

3.8 Incremental constitutive laws 124

3.9 Formulas for calculating element forces 126
3.9.1 Total-form formulas 126
3.9.2 Incremental-form formulas 128

3.10 Exact solutions for TL and UL formulations 131
3.10.1 Linearly elastic material (material A) 131
3.10.2 Nonlinearly elastic material (material B) 137

3.11 Incremental-form vs. total-form solutions 140

References 144

4 Nonlinear Analysis of Planar Frames 146

4.1 Introduction 146

4.2 Principle of virtual displacements 148
4.2.1 Two-dimensional beam 150
4.2.2 Statics and kinematics 152
4.2.3 General vs. simplified theory 155

4.3 Differential equations and boundary conditions 157
4.3.1 General theory of two-dimensional beams 157
4.3.2 Rigid body test 160
4.3.3 Simplified theory of two-dimensional beams 163

4.4 Incremental element stiffness equations 164
4.4.1 Element matrices based on general theory 166
4.42 Element matrices based on simplified theory 170
4.4.3 Other element matrices 172

4.5 Rigid body test for linearized element 173

4.6 Element force recovery procedures 178
4.6.1 Natural deformation approach 178
4.6.2 External stiffness approach 182

4.7 Higher order planar frame element 184
4.7.1 Principle of virtual displacements 185
4.7.2 Equations of equilibrium for shear stresses 187

4.7.3 Derivation of virtual work terms 192



viii

4.8
4.9

4.7.4 Finite element formulation
Rigid body test for higher order element
Bowing, rotation, and other deformation effects

4.10 Numerical examples

4.10.1 William's toggle

4.10.2 Axially-compressed cantilever
4.10.3 Cantilever under shear load

4.10.4 Pinned-fixed square diamond frame
4.10.5 Rigid-jointed square frame

References

5 Fundamentals of Nonlinear Theory of Space Frames

5.
5.2

5.3
54

5.5

5.6

5.7
5.8

5.9

Introduction

Statics and kinematics

5.2.1 Prebuckling stage

5.2.2 Buckling stage

Equations of equilibrium for cross-sectional forces
Rotational properties of moments

5.4.1 Moments generated as stress resultants
5.42 Moments generated by external devices
Principle of virtual displacements

5.5.1 Strain energy due to linear strains
5.5.2 Potential energy due to initial stresses
5.5.3 External virtual work increment

5.5.4 General vs. simplified theory
Differential equations and boundary conditions
5.6.1 General theory of solid beams

5.6.2 Simplified theory of solid beams

Test of theories by rigid body rule
Applications of incremental theories

5.8.1 Axially compressed columns

5.8.2 Torsionally loaded columns

Lateral buckling of angled frames with in-plane
loadings

Contents

196
200
203
206
207
207
209
210
211
214

216
216
219
219
224
228
234
236
240
242
246
246
251
254
257
257
260
263
269
270
272

278



Contents

5.9.1 Symmetric frame 1—Simply supported out of
plane
5.9.2 Symmetric frame 2—Fixed out of plane
5.9.3 Angled frame with fixed base
5.10 Buckling of angled frames under torsional loadings
5.10.1 Fundamental equations and conditions
5.10.2 Rotational properties of applied torques
5.10.3 Solutions for various torsional loads
5.10.4 Numerical examples
References

6 Stiffness Matrices for Nonlinear Analysis of Space Frames
6.1 Introduction
6.2 Illustrative case: Lateral buckling of planar frames
6.3 Joint equilibrium conditions for planar frames
6.3.1 Structural joints with two connected members
6.3.2  Structural joints with three connected members
6.3.3 Elements with moment applied at free end
6.4 Finite element formulation—Reduced case
6.4.1 Elastic and geometric stiffness matrices
6.4.2 Joint moment matrix
6.4.3 Applied moment matrix
6.4.4 Elements with one end free
6.5 Finite element formulation—General case
6.5.1 Elastic stiffness matrix
6.5.2 Geometric stiffness matrix based on general
theory
6.5.3 Geometric stiffness matrix based on simplified
theory
6.5.4 External virtual work increment
6.5.5 Element stiffness equation
6.6 Rigid body test
6.7 Joint equilibrium conditions for space frames
6.8 Effects of externally applied moments
6.9 Procedure for recovery of element forces

ix

279
286
288
300
302
306
308
316
321

323
323
325
330
331
335
338
339
341
343
344
345
347
352

354

359
360
362
363
367
371
374



6.10 Numerical examples

6.10.1 Symmetric frame 1—Simply supported out of
plane

6.10.2 Symmetric frame 2—Fixed out of plane

6.10.3 Symmetric frame 1 with tip moment

6.10.4 Fixed angled frame with moment load

6.10.5 Fixed angled frame with in-plane shear

6.10.6 Fixed angled frame with lateral shear

6.10.7 Fixed angled frame with torsional load

6.10.8 Single beam in bending

6.10.9 Angled frame in bending

References

Theory and Analysis on Buckling of Curved Beams

Tl
1.2

1.3
7.4

1D
7.6
2:7

7.8

Introduction

Statics and kinematics of curved solid beams
7.2.1 Displacements and strains

7.2.2  Stresses and cross-sectional forces
Equations of equilibrium for cross-sectional forces
Principle of virtual displacements

7.4.1 Strain energy due to linear axial strain

7.4.2 Strain energy due to linear shear strains
7.4.3 Potential energy due to axial stress

7.4.4 Potential energy due to transverse shear stresses
7.4.5 Potential energy due to normal stress 't
7.4.6 Potential energy due to distortional shear stress
7.4.7 Potential energy due to radial stress

7.4.8 External virtual works

7.4.9 Incremental virtual work equation
Differential equations and boundary conditions
Rigid body test

Buckling analysis by analytical approach

7.7.1  Curved beam under uniform bending
7.7.2  Curved beam under radial loads

Finite element formulation

Contents

375

376
377
378
379
380
381
382
385
386
389

391
391
395
396
399
402
414
420
421
421
422
423
424
425
426
427
429
433
440
440
443
447



Contents

7.9

7.10

7:11

7.8.1 Interpolation functions

7.8.2  Element stiffness equation

Buckling analysis by curved-beam element approach
7.9.1 Curved beam under uniform bending

7.9.2 Curved beam under radial loads

7.9.3 Curved beam with thrust or pull loads
Buckling analysis by straight-beam element approach
7.10.1 Curved beam under uniform bending

7.10.2 Curved beam under radial loads

7.10.3 Curved beam with one end clamped

Theory derived from straight-beam equations

7.11.1 Curved beam under uniform bending

7.11.2 Curved beam under radial loads

References

8.1
8.2

8.3
8.4
8.5
8.6

8.7
8.8

Procedures for Geometric Nonlinear Analysis

Introduction

Updating of element geometry

8.2.1 Reference axes of element nodes

8.2.2 Element axes and nodal section axes

Calculation of natural deformations

Calculation of element forces

Reduction of procedures to two-dimensional case

Incremental and iterative methods of solution

8.6.1 Notation for incremental-iterative analysis

8.6.2  Pure incremental method

8.6.3 Statement of problem for incremental-iterative
analysis

8.6.4 Newton-Raphson method

8.6.5 Displacement control method

8.6.6  Arc length method

8.6.7 Work control method

Theory in N + 1 dimensional space

Comments on existing solution methods

8.8.1 Newton-Raphson method

X1

448
454
455
455
458
459
461
462
464
465
468
468
482
489

491
491
497
498
501
506
512
515
517
518
519

521
524
525
527
529
532
537
537



Xii Contents

8.8.2 Displacement control method 537
8.8.3  Arc length method 538
8.8.4 Work control method 538

8.9 Generalized displacement control method 539
8.10 General vs. current stiffness parameters 541
8.11 Algorithm for geometric nonlinear analysis 543
8.12 Numerical examples 545
8.12.1 Two-member truss 545
8.12.2 Shallow arch 547
8.12.3 Circular arch with central load 550
8.12.4 Circular arch under uniform bending 552
References 555
Appendix A  List of Integral Matrices 559

Appendix B Procedure for Linearized Buckling Analysis 562
Appendix C  Effect of Truncated Higher Order Terms 566
Author Index 569
Subject Index 573



