Contents

1  Wiener Integration with Respect to Fractional Brownian

117 o) 1 (o ) 1 (R S S TP — 1
1.1 The Elements of Fractional Calculus ....................... 1
1.2 Fractional Brownian Motion: Definition and Elementary

123 (570 1c) et o o TR O T
1.3 Mandelbrot—-van Ness Representation of fBm ................ 9
1.4 Fractional Brownian Motion with H € (3,1) on the White

INOISCISPACE .« wsemmsrmsmvainrsmin s s S SIS s 5, s 10
1.5 Fractional Noise on White Noise Space ..................... 12
1.6 Wiener Integration with Respect to fBm ................... 16
1.7 The Space of Gaussian Variables Generated by fBm. ......... 24
1.8 Representation of fBm via the Wiener Process on a Finite

Interval ... ... 26
1.9 The Inequalities for the Moments of the Wiener Integrals

with:-Respeet: ti FBI . vy won v sopesnzes s a5 s s snm s vy ¢ 66 35
1.10 Maximal Inequalities for the Moments of Wiener Integrals

with! RESDECH 10 TBI0 ;¢ 0wt c.itirs simie biiinats Seotiats Soohaiinsistile Sbs sioe o m 41
1.11 The Conditions of Continuity of Wiener Integrals with

Respect to fBm . ......... i 54
1.12 The Estimates of Moments of the Solution of Simple

Stochastic Differential Equations Involving fBm ............. 55
1.13 Stochastic Fubini Theorem for the Wiener Integrals

VATt BB s coamsiatens s Sosra Siaiats ST T e sk s psondians o 57
1.14 Martingale Transforms and Girsanov Theorem for Long-

memory Gaussian Processes .............................. 58
1.15 Nonsemimartingale Properties of fBm; How to Approximate

Lhem: by SemImartingalen; .. « wumms s o ssm s o 4 71

1.15.1 Approximation of fBm by Continuous Processes of

Boutided: VATTBEION v s s coms o i usis S5ios s e 71
1.15.2 Convergence BH# — BH in Besov Space W*[a,b]. .... 73

1.15.3 Weak Convergence to fBm in the Schemes of Series .... 78



XIV  Contents

1.16 Holder Properties of the Trajectories of fBm and of Wiener
Intepralarwirt. IB M en s-von smeman Sams amis 5 ouasn Sl s-mns
1.17 Estimates for Fractional Derivatives of fBm and of Wiener
Integrals w.r.t. Wiener Process via the Garsia-Rodemich-
Rumisey Inequalitiy:. . . cccv ciows mmiecsionsie siniis sioie sfusos solmislioiess st s
1.18 Power Variations of fBm and of Wiener Integrals w.r.t. fBm ..
1.19: Lévy Theoteiin 161 IBHic o con v vms s v i sas's o5 v
1.20 Multi-parameter Fractional Brownian Motion ...............
1.20:1 The Maih DERRIION .. - i oes dene 6 a0 ssinaos o b
1.20.2 Holder Properties of Two-parameter fBm.............
1.20.3 Fractional Integrals and Fractional Derivatives of
Two-parameter FUNctions' « .o « cws siea v ssms e o siwa

Stochastic Integration with Respect to fBm and Related
TPOPICE r sttt ST ST e e hTeds o S aeel S0als, e ey
2.1 Pathwise Stochastic Integration ...........................
2.1.1 Pathwise Stochastic Integration in the Fractional
SODOIEVEEPE DPACES s wsar s s ses i s 5-sui S s s
2.1.2 Pathwise Stochastic Integration in Fractional
BESOV-CYPE SPACES . «cv o vovios siois s sinis siofoss shais sbins smeh siofass
2.2 Pathwise Stochastic Integration w.r.t. Multi-parameter fBm. . .
2.2.1 Some Additional Properties of Two-parameter
Fractional Integrals and Derivatives..................
2.2.2 Generalized Two-parameter Lebesgue-Stieltjes
TIEETEALSE & oommsisemsions oot A e R W S eplsns ST
2.2.3 Generalized Integrals of Two-parameter fBm in the
Case of the Integrand Depending on fBm .............
2.2.4 Pathwise Integration in Two-parameter Besov Spaces ..
2.2.5 The Existence of the Integrals of the Second Kind of a
EWO-ParatnetEr TN -« ssowws-omon 5. i womerssonng e, i St s
2.3 Wick Integration with Respect to fBm with H € [1/2,1) as
SFANEEORAEION G s Sisivrstine 5 R T ¥atons BIIE-SET e et
2.3.1 Wick Products and S*-integration . ... :cesiwsei s
2.3.2 Comparison of Wick and Pathwise Integrals for
“Markov” Integrands: . . ... coes sis o s siws sios oo issieis
2.3.3 Comparison of Wick and Stratonovich Integrals for
“General” Integraids « . o o sm s onvs sersa s v sees
2.3.4 Reduction of Wick Integration w.r.t. Fractional Noise
to the Integration w.r.t. White Noise.................
2.4 Skorohod, Forward, Backward and Symmetric Integration
w.r.t. fBm. Two Approaches to Skorohod Integration ........
2.5 Isometric Approach to Stochastic Integration with Respect
o011 50 L e
2:9:1° The Bagie Tdes . vure o i wnssmgastss Tt e amys
2.5.2 First- and Higher-order Integrals with Respect to X ...
2.5.3 Generalized Integrals with Respect to fBm............

137

157



Contents

2.6 Stochastic Fubini Theorem for Stochastic Integrals w.r.t.
Fractional Brownian Motion ..............................
2.7 The Ito Formula for Fractional Brownian Motion ............
201 "BheSimplest; VOISO .. . st s s st
2.7.2 1t6 Formula for Linear Combination of Fractional
Brownian Motions with H; € [1/2,1) in Terms of
Pathwise Integrals and It6 Integral ..................
2.7.3 The It6 Formula in Terms of Wick Integrals ..........
2.7.4 The It6 Formula for H € (0,1/2) ...........coooo. ...
2.7.5 It6 Formula for Fractional Brownian Fields ...........
2.7.6 The It6 Formula for H € (0,1) in Terms of Isometric
Integrals, and Its Applications: . sow. e soessos coms s
2.8 The Girsanov Theorem for fBm and Its Applications.........
2.8.1 The Girsanov Theorem for fBm .....................
2.8.2 When the Conditions of the Girsanov Theorem Are
Fulfilled? Differentiability of the Fractional Integrals . . .

Stochastic Differential Equations Involving Fractional
Brownian VORI -« s ammimms o0 sl Fas b s GG st s
3.1 Stochastic Differential Equations Driven by Fractional
Brownian Motion with Pathwise Integrals ..................
3.1.1 Existence and Uniqueness of Solutions: the Results of
Nualart and RESCRNU: » cuusmes o sammp sows s sos-aan s
3.1.2 Norm and Moment Estimates of Solution.............
3.1.3 Some Other Results on Existence and Uniqueness of
Solution of SDE Involving Processes Related to fBm
with (H € (1/2,1)) v
3.1.4 Some Properties of the Stochastic Differential
Equations with Stationary Coefficients ...............
3.1.5  Semilinear Stochastic Differential Equations Involving
Porward INtegral Wkt B . « s siom soieis woimin sssissars s s
3.1.6 Existence and Uniqueness of Solutions of SDE with
Two-Parameter Fractional Brownian Field............
3.2 The Mixed SDE Involving Both the Wiener Process
BAAUEBING .o oviim s srdiosssesmssagi, e s smisiie ¢ S-S ASRS VAR S50
3.2.1 The Existence and Uniqueness of the Solution of the
Mixed ' Seriilitient SDE) oo sins svssenn 5055 sbibsames
3.2.2 The Existence and Uniqueness of the Solution of the
Mixed SDE for fBm with H € (3/4,1) ...............
3.2.3 The Girsanov Theorem and the Measure
Transformation for the Mixed Semilinear SDE ........
3.3 Stochastic Differential Equations with Fractional
WHIGE NOIBE: urey sivm v s mistess wiois s 6Ams Somsimms So-& So6 S28% §
3.3.1 The Lipschitz and the Growth Conditions on the
Negative Norms of Coefficients ......................
3.3.2 Quasilinear SDE with Fractional Noise ...............

XV



Contents

3.4 The Rate of Convergence of Euler Approximations of
Solutions:of SDE Tnvolving fBm . . ... e vivuis sives vis v siois o
3.4.1 Approximation of Pathwise Equations................
3.4.2 Approximation of Quasilinear Skorohod-type

BGUaLIONs! ser «vnm. i Saes Samyss S5 s

3.5 SDE with the Additive Wiener Integral w.r.t. Fractional
INGIBE 1 sintamoim Ok ol ot Aroemite, b 35 Tt Vit vt e A ls
3.5.1 Existence of a Weak Solution for Regular Coefficients . .
3.5.2 Existence of a Weak Solution for SDE with

IIRCONCIIBOUS IDEIL + 5o csive vsis wsyeraminpe s sswsnavers by wisgers
3.5.3 Uniqueness in Law and Pathwise Uniqueness for

Repilar COBREIONS! 4 « oo 5 on smnsis voms i ivem e 4
3.5.4 Existence of a Strong Solution for the Regular Case. . ..
3.5.5 Existence of a Strong Solution

for Diseontinuons:DEE ... v s viome somi swesimms g
3.5.6 Estimates of Moments of Solutions for Regular Case

HRE T E (01120 s i soges v 5o it w5 o
3.5.7 The Estimates of the Norms of the Solution in the

OIHCZ ODACER i amin s 55, 5 605 St S0 B e e e s 3
3.5.8 The Distribution of the Supremum of the Process X

O [OR T et o o oo e s A ST G, e e AT
3.5.9 Modulus of Continuity of Solution of Equation

Involving Fractional Brownian Motion ...............

Filtering in Systems with Fractional Brownian Noise ......
4.1 Optimal Filtering of a Mixed Brownian-Fractional-Brownian
Model with Fractional Brownian Observation Noise ..........
4.2 Optimal Filtering in Conditionally Gaussian Linear Systems
with Mixed Signal and Fractional Brownian Observation
INGIBE 555 susvitions, sitions Sriiioin Soioi=onesl 4 S We oo Sians SToTR i 5ol
4.3 Optimal Filtering in Systems with Polynomial Fractional
Brownian NOIEE! wwse:s v woidimes s 40 s e 5is s

Financial Applications of Fractional Brownian Motion ... ..
5.1 Discussion of the Arbitrage Problem .......................
5.1.1 Long-range Dependence in Economics and Finance . ...
5.1.2  Arbitrage in “Pure” Fractional Brownian Model.
The Original Rogers Approach ......................
5.1.3 Arbitrage in the “Pure” Fractional Model.
Results of Shiryaev and Dasgupta ...................
5.1.4 Mixed Brownian—Fractional-Brownian Model:
Absence of Arbitrage and Related Topics .............
5.1.5 Equilibrium of Financial Market. The Fractional
Burgers EQUAtion ... . ... coes cwws wes smus sion s ss sisis s
5.2 The Different Forms of the Black—Scholes Equation ..........
5.2.1 The Black-Scholes Equation for the Mixed
Brownian-Fractional-Brownian Model................

291



Contents  XVII

5.2.2 Discussion of the Place of Wick Products and Wick-
Ito-Skorohod Integral in the Problems of Arbitrage
and Replication in the Fractional Black—Scholes

PHCIHT MOAEl inus auiv .50 st St huaits bl e oo 3203
Statistical Inference with Fractional Brownian Motion . .. .. 327
6.1 Testing Problems for the Density Process for fBm with

DIfieTent; DTS < ovamn s ons S5 5 sims B anns Saes inded oo 327
6.1.1 Observations Based on the Whole Trajectory with o
o7 o & 816170 1 R S 329
6.1.2 Discretely Observed Trajectory and ¢ Unknown ....... 331
62 Goodness-of-fit TOEY: . s sommenimns sraems s s wrass s & v s s 335
6:2:d. IBGEOAUEHION wosw wans swmmpmm i 5388 ST FoR 6 N 335
6.2.2 The Whole Trajectory Is Observed and the Parameters
i and; o ATE KNOW. ;om0 wavie suli smi « 650 taists s o 335
6.2.3 Goodness-of-fit Tests with Discrete Observations ... ... 337
6.2.4 On Volatility Estimation ...........................340
6.2.5 Goodness-of-fit Test with Unknown gpando .......... 342
6.3 Parameter Estimates in the Models Involving fBm ..........343
6.3.1 Consistency of the Drift Parameter Estimates in the
Pure Fractional Brownian Diffusion Model . ........... 344

6.3.2 Consistency of the Drift Parameter Estimates in the

Mixed Brownian—fractional-Brownian Diffusion Model

with “Linearly” Dependent Wy and Bf .............. 349
6.3.3 The Properties of Maximum Likelihood Estimates

in Diffusion Brownian—Fractional-Brownian Models

with Independent Components ......................354
Mandelbrot—van Ness Representation: Some Related
Calealations: s v sua e waw e suesEoe i G955 4000
Approximation of Beta Integrals and Estimation
of Kernels ......... ... 365
BREfeFEICEE vy i s voe s oG siats Sohs S BaI Ve LTS, v o it 369



